We take a central spin model (CSM), consisting of a one dimensional environmental Ising spin chain and a single qubit connected globally to all the spins of the environment, to study numerically the excess energy (EE) of the environment and the logarithm of decoherence factor namely, dynamical fidelity susceptibility per site (DFSS), associated with the qubit under a periodic driving of the transverse field term of environment across its critical point using the Floquet technique. The coupling to the qubit, prepared in a pure state, with the transverse field of the spin chain yields two sets of EE corresponding to the two species of Floquet operators. In the limit of weak coupling, we derive an approximated expression of DFSS after an infinite number of driving period which can successfully estimate the low and intermediate frequency behavior of numerically obtained DFSS. Our main focus is to analytically investigate the effect of system-environment coupling strength on the EEs and DFSS and relate the behavior of DFSS to EEs as a function of frequency by plausible analytical arguments. We explicitly show that the low-frequency beating like pattern of DFSS is an outcome of two frequencies, causing the oscillations in the two branches of EEs, that are dependent on the coupling strength. In the intermediate frequency regime, dip structure observed in DFSS can be justified by the resonance peaks of EEs at those coupling parameter dependent frequencies; high frequency saturation value of EEs and DFSS are also connected to each other by the coupling strength.
I. INTRODUCTION
Dynamics of a periodically driven closed quantum system has been studied extensively in recent years. These studies are truly interdisciplinary in nature and are being carried out from the viewpoint of quenching dynamics of many body quantum systems [1] [2] [3] [4] [5] [6] [7] and the quantum information theory [8] [9] [10] [11] [12] [13] [14] . The behavior of these quantum systems are very much different when compared to the classical periodically driven systems [15] [16] [17] [18] [19] [20] . Many interesting phenomena like coherent destruction of tunneling 21 , a periodic steady state behavior of various thermodynamic observables 20, 22, 23 and dynamical localization [24] [25] [26] , etc., manifest in a periodically driven quantum system. A lot of attention has been paid to Floquet technique due to its successful execution in many periodically driven systems such as Floquet Graphene 27, 28 , Floquet topological insulator 29 ; some of them have also been realized experimentally 30 . Moreover, the excess energy (EE) and the work distribution function for the transverse Ising model subjected to a time periodic variation of transverse field have also been studied extensively using Floquet technique 31 .
Given the recent interest in quenching dynamics of quantum systems, there has been a plethora of studies connecting quantum information theory 32, 33 to the quantum critical system [34] [35] [36] . The loss of coherence in a quantum system due to its interaction with the environment namely, decoherence, quantified as decoherence factor (DF) also known as Loschmidt echo, is an emerging topic that has been studied greatly in this regard 37, 38 . The quenching dynamics of the DF [39] [40] [41] [42] has also been investigated throughly for integrable as well as non-integrable quantum system under the scope of a central spin model (CSM) 14, [43] [44] [45] . Importantly, in this connection, it has been shown that decohered density matrix of a quantum system under consideration might not always result in the accurate behavior of dynamical fidelity susceptibility per site (DFSS), defined through the logarithm of squared modulus overlap between the initial state and the time-evolved final state, in the infinite time limit while the quantum system is periodically driven across its QCP 46 . Furthermore, there is an experimental observation of quantum criticality has been made by investigating the behavior of Loschmidt echo, measured without associating an external qubit, in an antiferromagnetic Ising spin chain with finite number of spins using NMR quantum simulator 47 .
We shall consider here a CSM with an environment as 1-d transverse Ising spin chain and a single qubit, weakly and globally coupled to the transverse field term of the chain, to investigate the non trivial effect caused by the coupling parameter on the behavior of the EE of that periodically driven environment across its QCP. Consequently, this coupling leads to two channels of time evolution for the environment with the modified transverse fields. These phenomena allows us to exclusively probe the decohering phenomena of the qubit by examining the DFSS as a function of frequency. In contrast to the Ref. [46] where the overall loss of phase coherence of a periodically driven spin chain across its QCP has been studied using the Floquet technique, our main focus is to probe the effect of the coupling parameter on DFSS, quantified through the ratio of logarithm of the modulus squared overlap between two states reached after an infinite number of period of time evolution with two environmental channels and system size of the environment, of the external qubit under a sinusoidal driving of the transverse field across the QCP. To the best of our knowledge, this is the first work to examine the behavior of the DFSS of a qubit using the Floquet technique under the scope of CSM. Most interestingly, we show that the behavior of DFSS can be characterized by analyzing the behavior of EEs associated to the two evolution channels of the spin chain environment in different frequency regimes.
The paper is organized in the following way. In Sec. (II), we introduce the transverse Ising spin chain and the corresponding central spin model where a single qubit is considered as the system with the spin chain acting as an environment. In parallel, we present Floquet technique and express the wave-function for a periodically driven system in the Floquet representation. We also elaborately discuss the Floquet machinery in our case to probe the EEs of the environment and the DFSS of the system. In Sec.
(III), We analyze the behavior of quasienergy, EE and DFSS, obtained numerically, by explicit analytical calculations with the plausible argument. Finally, we present concluding comments in Sec. (IV).
II. MODEL AND FLOQUET TECHNIQUE
The Hamiltonian H E of the environment is the ferromagnetic Ising spin chain in a transverse field consisting of N spins given by
where σ x and σ z are the Pauli matrices. This model can be exactly solved by mapping the spins to spinless Fermion through Jordon-Wigner transformation 48, 49 . The model can be decomposed to 2 × 2 Hamiltonian in the momentum space under periodic boundary condition. The momentum space Hamiltonian is given by,
The model has quantum phase transitions (QPTs) at h = ±1. This QCP belongs to Ising universality class with ν = 1 and z = 1, where ν is the correlation length exponent and z is the dynamical exponent. This model has a ferromagnetic phase for |h| < 1 and a paramagnetic phase for |h| > 1. In our case, the transverse field is being subjected to a time periodic sinusoidal driving: h(t) = 1 + h 0 cos(ωt), where h 0 is the amplitude of the driving and ω = 2π/T is the frequency of the driving with time period T . In our ramp protocol, spin chain experiences the QPT only at h = 1 as the transverse field h is varied between 2 and 0. Let us now discuss the central spin model in which a single spin-1/2 particle (qubit) is globally connected to all the spins of the environmental spin chain with an
is the i−th spin of the XY chain, σ z S represents that of the qubit and δ is the coupling strength. Here, we consider that the transverse field initially at t = 0 − is h = 1 + h 0 and the coupling to the qubit is suddenly made at t = 0 + and simultaneously the sinusoidal driving is being started.
We choose the qubit to be initially in a pure state at t = 0, |φ S (t = 0) = a + | ↑ + a − | ↓ , where | ↑ and | ↓ represent up and down states of the qubit, respectively, and the environment is in the ground state |φ E (t = 0) = |φ g . The ground state of the composite Hamiltonian H E + H SE , at t = 0, is then given by their direct product
It can be shown that at a later time t, the composite wave-function is given by
where |φ(±, t) are the environmental wave-functions, satisfying the time dependent schrödinger equation: i|φ(±, t) = H E (h(t) ± δ)|φ(±, t) , evolved from the initial ground state wave-function |φ g (t = 0 − ) before the qubit gets coupled to the environment. The form of the interaction Hamiltonian generates two evolution channels with the modified transverse field as (h(t) ± δ). Therefore, the modified Hamiltonians H E k (±, t) which govern the time evolution of environmental spin chain in momentum space is given by
We can now focus on the Floquet theory for a generic time-periodic Hamiltonian, H (t) = H (t + T ). One can construct a time evolution operator for a single period which is referred as the Floquet operator F = Oe
−i
T 0 H(t)dt , where O denotes time-ordering. is set to unity. The solution of the Schrödinger equation for the jth state in the Floquet basis (|η j (t) which are eigenstates of F ) can be written in the form |Ψ j (t) = e −iµj t |η j (t) . The states |η j (t) 's are time periodic (|η j (t) = |η j (t + T ) ) and e −iµj T are the corresponding eigenvalues of F ; the µ j 's are called Floquet quasi-energies. Now, making use the fact that the environmental spin chain reduces to 2 × 2 momentum space Hamiltonian, one can construct a momentum space Floquet operator F k at the stroboscopic time t = T . For a sinusoidally varying parameter, one has to numerically find out the Floquet operator starting from a generic state (0 1) T , T denotes the transpose of a matrix. The time evolved wave-function at t = T is given by (u k v k )
T . Therefore, the F k can be constructed from the above state, satisfying the constraint that F k (t = 0) is an identity, is given by
Now in our case, one can get two Floquet operators F k (±) for two channels of evolution associated with the modified transverse fields h(t) ± δ. By diagonalizing the Floquet operators one can get µ ± k (±), quasi-energies and |η ± k (±) , quasi-states corresponding to two channels of evolution. (F k (+) gives two quasi-states |η ± k (+) , same as for the negative channel). Under the periodic driving, the time evolved environmental state |φ k (±) at time t = nT , can be obtained in terms of Floquet basis sates,
where c
with |φ g,k is the initial bare ground state of the environment for a momentum mode k at t = 0 − when the qubit is not coupled with the environment.
We can now probe the EE and DFSS as a function of frequency by using environmental wave-function. We have two sets of EE, associated with the two channels of time evolution, are given by
where e k (±, nT ) is the energy expectation value of the environmental Hamiltonian (5) for the k-th mode, reached after n-th time period, given by e k (±, nT ) = φ k (±, nT )|H E k (±, nT )|φ k (±, nT ) ; e g,k (±, nT ) is the ground state energy of the H E k (±, nT ). In the limit of n → ∞, we resort to the RiemannLesbesgue lemma for integrating out the rapidly oscillating phase factor. The EEs for the two channels by retaining only the steady state contribution in infinite time limit are given by
We shall now find out the DF of the qubit from the reduced density matrix of the qubit by tracing over environmental part from the composite density matrix. The reduced density matrix in the {| ↑ , | ↓ } basis reads as
where d(t) = φ + (t)|φ − (t) appears as an off-diagonal element in the reduced density matrix and is related to the DF D(t) by a modulo square of d(t) 39 ,
DF measures the purity of the qubit; D = 1 signifies that the qubit is in a pure state.
In the momentum space language, D(t) is given by
Similarly, one can measure the DF of qubit after n-th cycle of the time periodic transverse field. Therefore, the DF in its rudimentary form is therefore given by
where the T m 's denote the cross terms which come in pairs. Here, we use T 
Our main aim is to study the behavior of DFSS given by χ F (n → ∞) = log(D(n → ∞))/N = k log(D k (n → ∞))/N in the infinite time limit. We note the DF of the qubit is appreciably small referring to the fact that the qubit is totally in a mixed state after an infinite number of periods and hence, the logarithm of DF namely, fidelity susceptibility is the main quantity to be studied in this context. The first four terms of the above expression (11) give the decohered value which is not the actual value of the DFSS in the n → ∞ limit. In this limit one can not simply neglect the exponential term, appearing inside the logarithm, of DFSS 46 . One can consider T m is a real quantity without loss of generality. Now, in order to simplify the expression in n → ∞ limit we shall write the χ F (n) in the following form
where
is the decohered part, consisting of first four terms in Eq. (11), for a momentum mode k . Now, in the limit of sufficiently smaller value of δ and using the asymptotic expansion of logarithmic series log(1 + x) ≃ x − x 2 /2 + x 3 /3 − · · · , one can use the Riemann-Lesbesgue lemma to achieve the final form of the DFSS in the n → ∞ limit 46 . The fidelity susceptibility χ F is defined as
is the ground state of the quantum system 50 . Therefore, one can express
The detail of the above derivation to obtain the simplified and approximated expression of χ F (∞) (13) is presented in the Appendix (A).
Here, we use the fact that any even multiple of cos α m would contribute to the integral as they do not average to zero when n is very large. The cross terms in the χ F (∞) are sum of the product of x 
′2
m can be safely neglected; consequently, the χ F (∞) is sufficient to estimate the behavior exhibited by log(D(n))/N which is obtained numerically using a large value of n. Therefore, excluding the above "cross terms" we keep up to an O(δ 2 ) term, coming from the decohered part, logarithmic part and x ′2 m (with m = 2, · · · , 5), in calculating χ F (∞) with small but finite δ < 1.
One can numerically check that the x ′ 1 x ′ m has a significant contribution in the high frequency regime and x ′a 1 x ′2 m can not be neglected. This might cause a problem for the approximated expression of χ F (∞) (13) in determining the accurate behavior obtained numerically by χ F (n) = log(D(n))/N (12) with a large value of n in that high frequency limit.
Furthermore, one can not simply obtain χ F (∞, δ) = 0 by setting δ = 0 in χ F (∞) (13) . One has to separately treat the infinitesimally small δ → 0 case. In order to probe δ = 0 limit, χ F (n) (12) is the appropriate quantity to begin with. In the case of δ = 0, we have only one Floquet operator and as a result |η
is the only non-decohered term which contributes to the χ F (n) (12) ; all the other cross terms T ′ m , m = 1, vanish due the orthogonality condition of quasi-states η
It can be easily shown that χ F (n) for δ = 0 reduces to the following form
Since, χ F (n, δ = 0) (14) does not have any sinusoidal term containing n in its argument; this allows us to write χ F (n → ∞, δ = 0) = χ F (n, δ = 0) = 0. Interestingly, the χ F (∞) (13) can not correctly quantify the DFSS when δ = 0 as the log(D dec k ) and log(2/(1+ 1 − x ′2 1 )) terms of order O(δ 0 ) do not cancel each other. In order to obtain the χ F (∞) (13), we replace the even power of sinusoidal term by its time averaged value and this results in a permanent loss of phase information while calculating χ F (n → ∞). The loss of phase information causes the irreversibility in the behavior of χ F (∞) i.e., χ F (n) can successfully predict the δ = 0 behavior where as χ F (∞), derived from χ F (n) with n → ∞, can not correctly quantify the δ = 0 behavior.
III. RESULTS
In this section, we examine the nature of quasienergies, EEs and the DFSS in detail. We shall first investigate the behavior of the two sectors of quasi-energies associated with the two coupling channels as a function of the momentum. The time periodic Hamiltonian causes a temporal Brillouin zone (TBZ) structure of width ω in the behavior of quasi-energy µ ± k (±) and consequently this originates the quasi-degeneracy in the Floquet spectrum 17 . Quasi-degeneracy occurs when the one branch of the Floquet spectrum meets with the other branch inside the same TBZ or two adjacent TBZs. Investigating each channel of quasi-energy (see Fig. 1 (a) and (b)), we find that the coupling strength δ indeed has an effect on quasi-degenerate momentum mode.
In order to find out the quasi-degenerate momentum value we have to take the limit h 0 → 0 in Eq. (5). Therefore, the quasi-degeneracy condition can be obtained by diagonalizing the Hamiltonian (5) is given by
where E k (±) is eigenvalue of Hamiltonian (5) in the limit h 0 → 0. Therefore, quasi-degenerate momentum modes k ± q (δ) ≃ 2 arcsin((1 ± δ/2) lω/4) which are quantitatively matching with the quasi-degenerate momentum observed in Fig. (1a) . The point to note is that there is no quasidegeneracy exists for k = 0 and π due to the coupling δ. The k + q (δ)(k − q (δ)) for positive (negative) channel gets shifted towards right (left) of the k q (δ = 0). This shifting is observed quite prominently as one increases k from 0 to π. Similarly, we show in Fig. (1b) that k ± q (δ) shifts towards the Brillouin zone (BZ) boundary k = π for higher value of h 0 = 1. As a result, less number of quasi-degeneracy appears in Floquet spectrum. Figure (3) shows that the EEs exhibit peaks at those quasidegenerate points for finite h 0 . Hereafter, we shall refer positive channel as δ > 0 and negative channel as δ < 0 in all the figure. Now, we shall focus on the behavior of the two channels of EE W (±), obtained numerically from Eq. (9), as a function of frequency ω. Hereafter, we set h 0 = 1. We divide the frequency range into three parts depending upon the distinctive behavior of EE in these ω regimes, (a) low-frequency oscillations of W (±), (b) resonance peak of W (±) at the intermediate frequency and (c) high frequency plateau of EE. In all of the above three regions the coupling strength δ plays an important role in determining the behavior of W (±).
Let us first explore the part (a) i.e., the low-frequency regime. By Investigating Fig. (3(a) and (b) ), one can see that the qualitative behavior of EEs for two channels are same, though there are many quantitative differences.
The W (±) shows oscillations while the positions of the minima for each channel are dependent on the coupling strength δ.
In order to probe the low frequency behavior of W (±) one has to work with the rotated Hamiltonian and use the perturbation theory. The perturbed Hamiltonian near the critical point h = 1 and close to the critical momentum mode k = 0 looks like H E k (±) ≃ (− cos(ωt) − k 2 /2 ± δ)σ z + kσ x . Now, we can change the reference frame using the transformation rule for the environmental wave-function satisfying the Schrödinger equation :
, where
with α ∓ = (sin(ωt) ∓ δωt)/ω. Therefore, the modified environmental Hamiltonian in the rotated frame
Now, one has to calculate the time evolution operator U ′ k (±) in the rotated frame over a single period T = 2π/ω using the perturbed rotated Hamiltonian (17) ,
Using the properties of Bessel function and by retaining the leading order contribution in the limit kT ≪ 1 and δ < 1, one can get
Now, one can obtain the Floquet operator which is the time evolution operator in the initial frame U k (±, T ) = Fig. (a) ) (h − δ) (in Fig. (b) ) as a function of ω. The minima of W (−), (W (+)) shifts towards left (right) of the minima obtained for W (δ = 0).
One can therefore estimate the eigenstates (Floquet states) and eigen-energy (quasi-energy) by diagonalizing the Floquet operator (18). In the low frequency limit k ≪ J 0 ((2 ± 4δ)/ω), the behavior of W (±) is determined by the behavior of Bessel function. In Fig. (4) , we explicitly show that EE for the (h(t)+δ) channel the position of the minima of W (+) matches with the zeros of the modified Bessel function J 0 ((2 + 4δ)/ω). Therefore, the coupling to the qubit has an effect on the EE of the environmental spin chain. Now, we focus on the response of EE in the intermediate frequency range where one observes a series of resonance peaks (see Fig. (5(a) and (b) ). The position of this resonance peaks are also dependent on the channel of evolution and δ. The resonance occurs when the quasi-degenerate momentum obtained from the energy spectrum associated with the Hamiltonian (5) crosses the edge of the BZ k = π. In oder to obtain the position of the peaks once again we have to take the limit h 0 → 0. Therefore, the resonance position can be determined from Eq. (15) and is given by
where l = 1, 2, 3, · · · . According to this relation the shift of resonance frequency ω r (±) from the uncoupled case when no qubit is coupled to the environmental chain is proportional to δ. For example, the position of peaks for δ = 0.05 are ω r (+) = 3.9, 1.95, 1.3, · · · (see Fig. (5a) ) which are successfully predicted by the Eq. (19) . This Fig. (a) ) (h − δ) (in Fig. (b) ) as a function of ω. The peak of W (−), (W (+)) shifts towards right (left) of the resonance peaks obtained for W (δ = 0). Now, we can investigate the high-frequency behavior of EE which shows a plateau like nature and the saturation value is again determined by the δ (see Fig. (6) ). The high-frequency behavior is simply explained by taking into consideration the fact that the periodically varying transverse field vanishes on average. One can also use Magnus expansion to probe this limit 51 . Therefore, the effective environmental Hamiltonian in this highfrequency limit is given by
FIG. 5: Plot shows the variation of EE for two channels with (h + δ) (in
The effective quasi-energy when δ < 1 is given by
. Therefore, one can naively conclude by continuing the analogy of effective quasi-energy to the EE that the deviation in EE from the uncoupled case is proportional to δ (see the inset of Fig. (6) ). The EE for the positive channel saturates at a higher value than that of the negative channel.
One can exactly show that W (±) = W (δ = 0) ± O(δ) in the high frequency limit where the dynamics of the system is governed by the critical Hamiltonian with δ (20). The quasi-states in this limit are given by |η + k (±) = (cos(θ ± /2), sin(θ ± /2)) T and |η − k (±) = (− sin(θ ± /2), cos(θ ± /2))
T where θ ± = arctan[sin k/(−1 ± δ + cos k)] and T denotes the transpose of a matrix. The initial ground state wave-function can be written as |φ g,k = (cos(θ g /2), sin(θ g /2))
T where θ g = arctan[sin k/(−2+cos k)]. c + k (±) = cos(θ g /2−θ ± /2) and c − k (±) = sin(θ g /2 − θ ± /2). The work done for the two channels can be simplified to the following form
Now, one can expand the θ ± in the power series of δ with the constraint that δ < 1;
The difference between two Bogoliubov angles θ g and θ ± is given by
We shall use the following assumption to obtain an approximated expression of W (±) in the high frequency limit: cos(x + δy) = cos x − δy sin x. The work done for two channels is then given by
Therefore, we can see that the coupling to the qubit has an appreciable effect in EEs over all the three regions of frequency.
We shall now focus on the behavior of DFSS as a function of frequency. We first present a comparative study between the two quantities χ F (n) (12) obtained numerically for a large value of n and χ F (n → ∞) (13) obtained analytically with frequency. In Fig.(7(a) and (b) ), one can observe that the χ F (∞) is matching closely with χ F (200) in intermediate and low frequency regime except the fact that DFSS for any finite n oscillates rapidly around the mean curve designated by χ F (∞). In this low frequency regime, log(D Fig. (a) and Fig. (b) , respectively. Fig. (a) shows that the intermediate frequency peak-dip structure is more prominently visible in χF (∞) due to lack of oscillations. Inset of Fig. (a) shows that the high frequency saturation value of χF (n) is higher as compared to the χF (∞). Fig. (b) depicts that the χF (n) is in very good agreement with the χF (∞) in the low frequency regime.
is depicted in the inset of Fig. (7(a) ) showing the deviation from the approximated expression of χ F (∞) (13) where "cross terms" x Fig. (7(a) ), the analytic expression χ F (∞) is sufficient to quantify the behavior of χ F (n) as the "cross term" becomes very small; the decohered part and the x ′ m part both contribute to the χ F (∞). Now, we shall concentrate on the behavior of DFSS χ F (∞) as a function of frequency. We also present a comparative study between χ F (∞) and the EEs W (±). Here as well we will study the χ F (∞) in three different frequency regimes. In Fig. (8(a) ), we study the lowfrequency characteristics of DFSS which qualitatively shows similar type of oscillations as observed in the case of W (±). One can fully understand the behavior of χ F (∞) shown in Fig. (8(a) ) by comparing the Fig. (8(b) ) with the Fig. (8(c) ). We can immediately conclude that the behavior of two channels of EEs actually determine the behavior of DFSS. We can see that when the oscillations for W (+) coincides with that of the W (−) we get nice oscillations in DFSS as an outcome of constructive superposition between the contribution coming from |φ k (+) and |φ k (−) ; this constructive interference occurs when the oscillations for J 0 ((2 + 4δ)/ω) matches with that of the J 0 ((2 − 4δ)/ω). On the other hand, DFSS also shows relatively flat regions as an effect of destructive interference between the two channels of the environmental wave-function. The interplay between two frequencies of oscillations leads to a beating like pattern of DFSS. Figure (8(a) ) leads to the observation that the beating is more prominently visible for relatively higher values δ. On the other hand, beating like pattern gradually turn into simple oscillatory behavior, governed by J 0 (2/ω), as one decreases δ. Fig. (a) . Fig. (b) shows the variation of EE for the positive and negative channels with (h ± δ) in the low ω limit. Fig. (c) depicts the response of χF (∞) as a function of frequency.
In the intermediate frequency range, DFSS shows dip at the resonance frequency ω r (±) (see Fig. (9) ). The wave-functions for the two channels correspond to two different sets of ω r where the resonance happens for that particular channel. As a consequence the DF being the modulus square overlap of the two wave-function evolving through two channels, Π k | φ k (+)|φ k (−) | 2 , exhibits a change in its behavior at those ω r (±); and this is reflected in the response of DFSS at this intermediate frequency range. The behavior of DFSS around ω r (±) is more prominently visible for higher values of δ < 1. One can note that DFSS exhibits a dip at those resonance frequencies where W (±) shows a peak. This is due to the fact that at those frequencies the wave-functions associated with the two channels become maximally deviated from each other. At the end, we shall probe the high frequency behavior of DFSS. To observe the saturation value of DFSS, χ F (∞) is not an accurate quantity to be studied. This is due to the fact that high frequency saturation value of χ F (∞) does not tend towards zero when δ → 0 and vanishes for δ = 0. One can numerically check that in the high frequency regime, "cross term" x ′a 1 x ′2 m with m = 1, contributes significantly to χ F (∞). This "cross term" gives an O(δ 2 ) correction. Therefore, χ F (∞) (13) is not an accurate expression which can correctly describe the behavior of the high frequency saturation value of DFSS as a function of δ. One can infer by observing Fig. (10) that the χ F (n) is the appropriate quantity to examine the saturation behavior with δ in high frequency limit as the absolute value of χ F (n) becomes smaller as one decreases δ and zero if δ = 0. Inset of Fig. (10) shows that the saturation value is proportional to δ 2 . This observation of vanishing χ F (n) can be justified by analyzing the Eq. (12) and the cross terms consisting of x m cos α m 's sum up to unity for each momentum mode while n has a finite value; cos α m = 1 as δ = 0. This leads to the observation of a vanishing DFSS χ F (δ = 0, n) in all frequencies. Therefore, we can infer that χ F (∞) follows the behavior of χ F (n) in all the other frequency regimes except in the high frequency regime.
We shall now concentrate on the functional behavior of δ over the high frequency saturation value of DFSS as shown in Fig. (10) . As we mention previously for the case of EEs, one can get a qualitatively approximate expression of the quasi-states and the quasi-energies by diagonalizing the effective Hamiltonian in Eq. (20) . We can therefore define an effective expression of the DF, qualitatively valid only for infinite frequency regime, in the momentum space is given by
This over simplified expression of D eff k is not a quantitatively accurate expression because it does not give the high frequency saturation value of DFSS χ F (n) correctly. We can only infer from the above expression that the infinite frequency saturation value of DFSS (12) of the qubit χ F (n) is deviated from that of the χ F (n, δ = 0) by an amount proportional to δ 2 . One can also use the usual definition of fidelity susceptibility 50 χ F (n) = log(D(n))/N = δ 2 χ F (n) to probe its high frequency saturation behavior where χ F (n) in our case is given by
Therefore, it is evident from the above Eq. (24) that the χ F (n) ∝ δ 2 as χ F (n) is independent of δ. We can see that in all the frequency regime the EE and DFSS are modified by the small parameter δ and their behavior are connected to each other through this small parameter δ.
IV. CONCLUSION
In conclusion, we choose a central spin model where a single qubit is globally coupled to an environmental Ising spin chain periodically driven across its QCP and numerically study the EE associated with it as a function of frequency in the infinite time limit; we also numerically investigate the DFSS of the qubit after a large number of period with frequency. Our aim is to characterize the behavior of EE and DFSS when a small systemenvironment coupling parameter is present and analyze their behavior by plausible analytical argument. The coupling to the qubit gives rise to two channels of time evolution for the environment and consequently leads to two separate species of Floquet operators. In the process, we show that the coupling strength δ can influence the position of quasi-degenerate momentum mode in the Floquet spectrum associated with the two species of Floquet operators. We have two sets of EEs W (±) each of them is associated with the one of these channels. We show that the low-frequency oscillations of W (±) for two channels are dominated by the two different Bessel functions with argument dependent on δ. The position of the resonance peaks at intermediate frequencies for two channels are different from each other due to the finite coupling strength. Finally, high frequency saturation value of EEs for two channels are dependent on δ in such a way that the EE for the positive channel takes a higher value of saturation than that of the negative channel.
In parallel, we find an analytical expression for the χ F (n → ∞) which can successfully predict the behavior of the DFSS χ F (n), obtained numerically for a large value of n, in the low and intermediate frequency regime. We show that the behavior of DFSS of the qubit χ F (∞) in the above frequency regions can be speculated by understanding the behavior of EEs for the two channels of evolution associated with environmental spin chain. DFSS exhibits low-frequency beating like pattern originated from the interplay between two Bessel functions, governing the oscillations of W (±), with two different arguments. χ F (∞) displays dips at intermediate frequencies where the W (±) show peaks. The position of these dips, appearing due to destructive interference between two channels of environment, are dependent on δ. At the end, the DFSS tends to saturation value at high frequency which is correctly quantified by χ F (n) instead of χ F (∞). The saturation value of χ F (n) is deviated from the bare saturation value of DFSS χ F (n, δ = 0) = 0 by an amount proportional to δ 2 . This deviation of O(δ 2 ) can be estimated from the effective DFSS defined for the high frequency static Hamiltonian which also successfully predicts the correction of O(δ) in EE at the high frequency limit. Therefore, in all the above three frequency region the behavior of DFSS is closely tied with the behavior of EEs for two different channels.
Moreover, the Loschmidt echo has been experimentally investigated in an antiferromagnetic Ising spin chain with finite number of spins using NMR quantum simulator 47 . The periodic driving has also been experienced experimentally leading to many interesting observations 30 . Therefore, experimental verification of our work might be possible by employing a time periodic model in the large scale NMR quantum simulator.
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Appendix A: Exact Calculation of χF (∞)
In this appendix, we shall explicitly calculate the DFSS χ F (∞, δ) (13) in the n → ∞ limit with δ < 1. We shall calculate each term of D(n) including T m 's and show their functional dependence on δ. The quasi-state |η ± k (±) , associated with the two species of Floquet operators F k (±), can be expanded in the powers of δ
where |η 
Here, (∂c
can also be expanded in the ascending powers of δ. Now, η
On the other hand, η
Now, we shall analyze each term of D(n) and its dependence on δ.
One can probe the δ-dependence on the x ′ m using the above observation. This leads to the following fact x
Therefore, one can write an approximated expression of χ F (n → ∞) by a momentum space integration over the x ′ m cos α m . In order to estimate χ F (n → ∞), we define a quantity A which is given by One can obtain the following type of terms by decomposing the above Eq. (A4). Here, α i is a function of µ ± k (±)nT . As n → ∞, the complete momentum integration over the power series of z i gives non-zero values when the argument of the cosine term vanishes. Now, the argument of the cosine term vanishes only when an even number of sum is involved inside the argument with alternating signs but the same index. For example, the integration over z i z j yields i x ′2 i /2 as cos(α i + α j ) does not survive under integration while cos(α i − α j ) survives only for i = j. Similarly, integration over z i z j z k z l and z i z j z k z l z m z n contribute i 3x (p is an integer) generates all even power terms in δ starting from O(δ 0 ) to O(δ 2p ). Therefore, in order to incorporate the complete O(δ 0 ) contribution, one has to consider the full series consisting the even powers in x ′ 1 ; this results in the closed form expression log(2/(1 + 1 − x ′2 1 )). The others power series can be safely truncated by retaining only the leading contributions. One can exclude x ′2 6 term as it has O(δ 4 ) correction.
Here, one can also get a finite contribution from even order term like x ′2p i x ′2q j , referred as the "cross term" in Eq. (13), with i = j, p and q can be any positive integer. This type of terms appear when the argument of the cosine term vanishes in a pair. For example, z i z j z k z l yields x ′2 i x ′2 j type of terms from the momentum integration over cos(α i −α l +α j −α k ) with i = l and j = k. This type of fourth order terms are the lowest order term from which the series of x ′2p i x ′2q j starts contributing to the momentum integral of χ F (n → ∞). But, the contribution coming from this term is O(δ 4 ) except the product terms like x 
